Abstract This small note contains some easy examples of quartic hypersurfaces that have finite-dimensional motive. As an illustration, we verify a conjecture of Voevodsky (concerning smash-equivalence) for some of these special quartics.
Introduction
The notion of finite-dimensional motive, developed independently by Kimura and O'Sullivan [13] , [1] , [14] , [10] , [7] has given important new impetus to the study of algebraic cycles. To give but one example: thanks to this notion, we now know the Bloch conjecture is true for surfaces of geometric genus zero that are rationally dominated by a product of curves [13] . It thus seems worthwhile to find concrete examples of varieties that have finite-dimensional motive, this being (at present) one of the sole means of arriving at a satisfactory understanding of Chow groups.
The present note aims to contribute something to the list of examples of varieties with finite-dimensional motive, by considering quartic hypersurfaces. In any dimension, there is one famous quartic known to have finite-dimensional motive: the Fermat quartic
The Fermat quartic has finite-dimensional motive because it is rationally dominated by a product of curves, and the indeterminacy locus is again of Fermat type [17] . The main result of this note presents, in any dimension, a family of quartics (containing the Fermat quartic) with finite-dimensional motive:
Theorem (=theorem 5)
The following quartics have finite-dimensional motive: (i) a smooth quartic X ⊂ P 3k−1 (C) given by an equation
where the f i define smooth quartic curves; (ii) a smooth quartic X ⊂ P 3k (C) given by an equation where the f i define smooth quartic curves; (iii) a smooth quartic X ⊂ P 3k+1 (C) given by an equation
where the f i define smooth quartic curves;
The proof is an elementary argument, based on the fact that the inductive structure exhibited by Shioda [17], [12] still applies to this kind of hypersurfaces.
To illustrate how nicely finite-dimensionality allows to understand algebraic cycles, we provide an application to a conjecture of Voevodsky's [21] : Proposition (=proposition 10) Let X be a quartic as in theorem 5, and suppose X has odd dimension. Then numerical equivalence and smash-equivalence coincide for all algebraic cycles on X.
(For the definition of smash-equivalence, cf. definition 7.)
Conventions All varieties will be projective irreducible varieties over C.
For smooth X of dimension n, we will denote by 
The group H * (X) will denote singular cohomology with Q-coefficients.
Finite-dimensionality
We refer to [13] , [1] , [14] , [7] , [10] for the definition of finite-dimensional motive. An essential property of varieties with finite-dimensional motive is embodied by the nilpotence theorem:
Theorem 1 (Kimura [13]) Let X be a smooth projective variety of dimension n with finite-dimensional motive. Let Γ ∈ A n (X × X) be a correspondence which is numerically trivial. Then there is N ∈ N such that
Actually, the nilpotence property (for all powers of X) could serve as an alternative definition of finitedimensional motive, as shown by a result of Jannsen [10, Corollary 3.9] .
Conjecture 2 (Kimura [13])
All smooth projective varieties have finite-dimensional motive.
We are still far from knowing this, but at least there are quite a few non-trivial examples: 
Remark 4
It is an embarassing fact that up till now, all examples of finite-dimensional motives happen to lie in the tensor subcategory generated by Chow motives of curves, i.e. they are "motives of abelian type" in the sense of [19] . On the other hand, there exist many motives that lie outside this subcategory, e.g. the motive of a very general quintic hypersurface in P 3 [4, 7.6 ].
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where the f i define smooth quartic curves; (ii) a smooth quartic X ⊂ P 3k (C) given by an equation
where the f i define smooth quartic curves; (iii) a smooth quartic X ⊂ P 3k+1 (C) given by an equation
Proof The proof is by induction, using Shioda's trick in the guise of the following proposition (this is [12, Remark 1.10]):
Proposition 6 (Katsura-Shioda [12]) Let Z ⊂ P m1+m2 be a smooth hypersurface of degree d defined by an equation
Let Z 1 resp. Z 2 be the smooth hypersurfaces of dimension m 1 resp. m 2 − 1, defined as
Then there exists a dominant rational map
and the indeterminacy of φ is resolved by blowing up the locus
The induction base is k = 1. In this case, the quartic defined in (i) has finite-dimensional motive because it is a curve; the quartic surface defined in (ii) has finite-dimensional motive because it is dominated by a product of curves [5, Example 11.3] ; case (iii) is OK because any quartic threefold X has A * AJ (X) = 0 and as such has finite-dimensional motive [18, Theorem 4] .
Next, we suppose the theorem is true for k − 1. Let X ⊂ P 3k−1 be a quartic as in (i). According to proposition 6, X is rationally dominated by the product X 1 × S, where S is a K3 surface as in [5, Example 11.3] , and X 1 is of type
We have seen that S has finite-dimensional motive, and X 1 has finite-dimensional motive by induction. X is dominated by the blow-up of X 1 × S with center Z 1 × C, where C ⊂ S is a curve, and
The product Z 1 × C has finite-dimensional motive (by induction), hence so has the blow-up and so has X.
Let X ⊂ P 3k be a quartic as in (ii). Now X is rationally dominated by X 1 × X 2 , where X 1 is of type
and X 2 is a fourfold of type
Both have finite-dimensional motive by induction. To resolve the indeterminacy, we need to blow up X 1 × X 2 in the center of type Z 1 × Z 2 , where Z 1 ⊂ X 1 is of type
This Z 1 has finite-dimensional motive (by induction), and so does Z 2 (any smooth quartic threefold has finite-dimensional motive). It follows that X has finite-dimensional motive. Lastly, let X ⊂ P 3k+1 be a quartic as in (iii). Then X is rationally dominated by
and C is a curve. By induction, we may suppose X 1 has finite-dimensional motive (because we have already treated case (ii)). The indeterminacy locus is of the form Z 1 × {points}, where Z 1 is of type
This Z 1 also has finite-dimensional motive (because we have already treated case (i)), hence so does the blow-up and so does X. 
Two cycles a, a ′ are called smash-equivalent if their difference a−a ′ is smash-nilpotent. We will write A r ⊗ (X) ⊂ A r (X) for the subgroup of smash-nilpotent cycles.
Conjecture 8 (Voevodsky [21] ) Let X be a smooth projective variety. Then 
Since A r num L(n j ) = 0, we have A r num (X) = A r num h n (X) . The motive h n (X) is oddly finite-dimensional. (Indeed, as n is odd we have that the motive Sym m h n (X) ∈ M hom is 0 for some m >> 0. By finite-dimensionality, the same then holds in M rat .) The proposition now follows from the following result (which is [13, Proposition 6.1], and which is also applied in [11] where I learned this): 
